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SOCLE DEFORMATIONS OF SELFINJECTIVE ORBIT
ALGEBRAS OF TILTED TYPE
ANDRZEJ SKOWRON´SKI AND KUNIO YAMAGATA
Dedicated to Jose´ Antonio de la Pen˜a on the occasion of his 60th birthday
Abstract. We survey recent development of the study of finite-dimensional
selfinjective algebras over a field which are socle equivalent to selfinjective orbit
algebras of tilted type.
1. Introduction
Throughout this article, by an algebra we mean a basic, connected, finite-
dimensional associativeK-algebra with identity over a fixed field K. For an algebra
A, we denote by modA the category of finite-dimensional rightA-modules and indA
the full subcategory of modA of indecomposable modules. We denote by ΓA the
Auslander-Reiten quiver of A, and by τA and τ
−1
A the Auslander-Reiten transla-
tions DTr and TrD, respectively, where D is the standard duality HomK(−,K)
on modA and Tr is the transpose.
An algebra A is called selfinjective if A is injective in modA, or equivalently the
projective modules in modA are injective. Two selfinjective algebras A and A′ are
said to be socle equivalent if the quotient algebras A/ soc(A) and A′/ soc(A′) are
isomorphic. In this case, we also call A a socle deformation of A′. Moreover, two
selfinjective algebras A and A′ are called stably equivalent if their stable categories
modA and modA′ are equivalent as K-categories.
In the representation theory of selfinjective algebras an important role is played
by the selfinjective algebras A which admit Galois covering of the form B̂ → B̂/G =
A, where B̂ is the repetitive category of an algebra B and G is an admissible group
of automorphisms of B̂. In this theory, the selfinjective orbit algebras B̂/G given
by algebras B of finite global dimension and infinite cyclic groups G are of special
interest. Namely, frequently interesting selfinjective algebras are Morita equivalent
to socle deformations of such orbit algebras, and we may reduce their representa-
tion theory to that for the corresponding algebras of finite global dimension. For
example, it is the case for selfinjective algebras of polynomial growth over an al-
gebraically closed field K (see Section 2 for details). This is also the case for the
tame principal blocks of the enveloping algebras of restricted Lie algebras [19], or
more general infinitesimal groups [20], over algebraically closed fields of odd char-
acteristic. We also note that the prominent class of special biserial algebras over
an algebraically closed field is formed by the orbit algebras of repetitive categories
(see [15], [18], [33]).
For an arbitrary field K, even the structure of selfinjective algebras of finite
representation type over K is far from being understood (see Section 6 for new
results toward solution of this problem). In this article, we survey old and new
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results concerning selfinjective algebras A over a field which are socle equivalent to
orbit algebras B̂/G for an algebraB and G the infinite cyclic group generated by the
composition ϕνB̂ of the Nakayama automorphism νB̂ and a positive automorphism
ϕ of B̂. In particular, we present, in Sections 3 and 4, criteria for a selfinjective
algebra A to have this property. Sections 5 and 6 are devoted to presentations of
interesting selfinjective algebras as socle deformations of orbit algebras of repetitive
categories of tilted algebras. In the final Section 7 we show that, for the class of
selfinjective algebras of tilted type, discussed in this article, the stable quivalence
and socle equivalence coincide.
For basic background on the representation theory discussed in this article we
refer to the books [3], [50], [52], and the survey articles [41], [49].
2. Repetitive algebras and orbit algebras
Let B be an algebra and 1B = e1 + · · · + en a decomposition of the iden-
tity of B into a sum of pairwise orthogonal primitive idempotents e1, . . . , en of B.
The algebra is regarded as a K-category, denoted by B again, whose objects are
e1, . . . , en and the morphism space B(ei, ej) = HomB(ei, ej) is HomB(eiB, ejB) for
i, j ∈ {1, . . . , n}. We then associate to B a selfinjective locally bounded K-category
B̂, called the repetitive category of B (see [24]). The objects of B̂ are em,i for
m ∈ Z, i ∈ {1, . . . , n}, and the morphism spaces are defined as follows
B̂(em,i, er,j) =


ejBei, r = m,
D(eiBej), r = m+ 1,
0, otherwise.
Observe that ejBei = HomB(eiB, ejB), D(eiBej) = ejD(B)ei and⊕
(m,i)∈Z×{1,...,n}
B̂(em,i, er,j) = ejB ⊕D(Bej),
for any r ∈ Z and j ∈ {1, . . . , n}. The composition of morphisms in B̂ is naturally
defined by the multiplication in the algebra B and the B-bimodule structure of
D(B).
An automorphism ϕ of the K-category B̂ is said to be positive or rigid, respec-
tively, if for each (m, i) ∈ Z× {1, . . . , n},
ϕ(em,i) = ep,j for some p ≥ m and j ∈ {1, . . . , n},
or
ϕ(em,i) = em,j for some j ∈ {1, . . . , n}.
A strictly positive automorphism of B̂ is a positive but not rigid automorphism of
B̂. In particular, the Nakayama automorphism of B̂, denoted by νB̂ , is the strictly
positive automorphism defined by
νB̂(em,i) = em+1,i for all (m, i) ∈ Z× {1, . . . , n}.
A group G of automorphisms of B̂ is said to be admissible if G acts freely on
the set of objects of B̂ and has finitely many orbits. Following P. Gabriel [21], we
may consider the orbit category B̂/G of B̂ with respect to G, whose objects are the
G-orbits of objects in B̂. The morphism space (B̂/G)(a, b) for objects a, b in B̂/G
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is the subspace of
∏
(x,y)∈a×b B̂(x, y) consisting of those elements (fy,x) satisfying
gfy,x = fgy,gx for all g ∈ G, (x, y) ∈ a× b.
By the definition B̂/G has finitely many objects and the morphism spaces are finite-
dimensional. It therefore associates naturally the finite-dimensional selfinjective
K-algebra
⊕
(B̂/G) which is the direct sum of all morphism spaces in B̂/G, called
the orbit algebra of B̂ with respect to G. A typical example is the trivial extension
algebra B⋉D(B) of an algebra B, which is isomorphic to the orbit algebra B̂/(νB̂).
More generally, the r-fold trivial extension algebra T (B)(r) of B is defined as the
orbit algebra B̂/(νr
B̂
), for r ≥ 1. Note that T (B)(1) = T (B).
A selfinjective algebra A is said to be of tilted type if A is isomorphic to an orbit
algebra B̂/G for a tilted algebra B and an admissible automorphism group G of B̂.
An important remark is that in this case any admissible automorphism group of B̂
is an infinite cyclic group generated by a strictly positive automorphism of B̂ (see
[49, Theorem 7.1]). In the paper, by a tilted algebra we mean the endomorphism
algebra B = EndH(T ) of a tilting module T in the module category modH of a
basic, connected, hereditary algebra H over a field K.
The classification of all representation-finite selfinjective algebras over an alge-
braically closed field was given in the early 1980’s by C. Riedtmann (see [13], [35],
[36], [37]) via a combinatorial classification of the Auslander-Reiten quivers of these
algebras, based on the fundamental paper [35] linking them to the Dynkin quivers.
Equivalently, the Riedtmann’s classification can be presented in terms of the orbit
algebras as follows (see [41, Section 3]).
Theorem 2.1. Let A be a non-simple, basic, connected, selfinjective algebra over
an algebraically closed field K. Then A is of finite representation type if and only
if A is socle equivalent to an orbit algebra B̂/(ϕ), where B is a tilted algebra of
Dynkin type and ϕ is a strictly positive automorphism of B̂.
In the theorem, we may replace “socle equivalence” by “isomorphism” if char(K) 6=
2, but it is not the case in general (see [37] and [41, Section 3]).
We would like to stress that a crucial role in proving the above interpretation of
the Riedtmann’s classification theorem is played by the Galois covering techniques
introduced by P. Gabriel in [21] and the description of the module categories of
repetitive categories of tilted algebras of Dynkin type given by D. Hughes and
J. Waschbu¨sch in [24]. This was the starting point for the study of representation-
infinite selfinjective algebras of polynomial growth in [38], where it was shown that
all these algebras, having simply connected Galois coverings, are related to tilted
algebras of Euclidean type and tubular algebras. Here, the new results on Galois
coverings of representation-infinite algebras proved by P. Dowbor and A. Skowron´ski
in [14], [15] are heavily applied.
The classification of arbitrary representation-infinite domestic selfinjective alge-
bras was completed in the series of papers [10], [11], [12], [27] (see [41, Section 4]).
In particular, we have the following theorem.
Theorem 2.2. Let A be a basic, connected, selfinjective algebra over an alge-
braically closed field K. Then A is representation-infinite domestic if and only if A
is socle equivalent to an orbit algebra B̂/(ϕ), where B is a tilted algebra of Euclidean
type and ϕ is a strictly positive automorphism of B̂.
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We would like to stress that, for any algebraically fieldK, there are representation-
infinite domestic selfinjective algebras which are not orbit algebras of repetitive
categories of tilted algebras of Euclidean type (see [12] for description of these al-
gebras). We also point that the structure of the module categories modA of the
representation-infinite domestic selfinjective algebras A follows from Theorem 2.2
and the results proved in [2] and [38].
For an algebra A, the infinite radical rad∞A of modA is the intersection of all
powers radiA, i ≥ 1, of the radical radA of modA. We note that, by a classical result
of M. Auslander, rad∞A = 0 if and only if A is representation-finite. The following
theorem is a consequence of Theorem 2.2 and the main result proved by O. Kerner
and A. Skowron´ski in [26, Theorem].
Theorem 2.3. Let A be a basic, connected, representation-infinite selfinjective
algebra over an algebraically closed field K. Then the infinite radical rad∞A of modA
is nilpotent if and only if A is socle equivalent to an orbit algebra B̂/(ϕ), where B
is a tilted algebra of Euclidean type and ϕ is a strictly positive automorphism of B̂.
The classification of arbitrary non-domestic selfinjective algebras of polynomial
growth was completed in the series of papers [6], [7], [8], [28] (see [41, Section 5] for
details). In particular, we have the following theorem.
Theorem 2.4. Let A be a basic, connected, selfinjective algebra over an alge-
braically closed field K. Then A is non-domestic of polynomial growth if and only
if A is socle equivalent to an orbit algebra B̂/(ϕ), where B is a tubular algebra and
ϕ is a strictly positive automorphism of B̂.
In the theorem, we may replace “socle equivalence” by “isomorphism” if char(K)
is different from 2 and 3 (see [8] for details). We also mention that the structure of
the module categories modA of non-domestic selfinjective algebras A of polynomial
growth follows from Theorem 2.4 and the results proved in [31] and [38].
Recall that an algebraA is called periodic if it is periodic with respect to action of
the syzygy operator ΩAe in the module category modA
e over the enveloping algebra
Ae = Aop ⊗K A. It is known that if A is periodic then A is selfinjective and all
nonprojective indecomposable modules in modA are periodic with respect to action
of the syzygy operator ΩA in modA. It is known that every non-simple, basic,
connected, representation-finite selfinjective algebra A is periodic, by a theorem
proved by A. Dugas in [16]. The following theorem is a consequence of Theorem 2.4
and the main result proved by J. Bia lkowski, K. Erdmann and A. Skowron´ski in [5,
Theorem 1.1].
Theorem 2.5. Let A be a basic, connected, representation-infinite selfinjective
algebra of polynomial growth over an algebraically closed field K. Then A is periodic
if and only if A is socle equivalent to an orbit algebra B̂/(ϕ), where B is a tubular
algebra and ϕ is a strictly positive automorphism of B̂.
We also note that the algebras B occurring in the above theorems are algebras
of global dimension 1 or 2.
Recently, Theorems 2.1, 2.2 and 2.4 have been applied by S. Ariki, R. Kase,
K. Miyamoto and K. Wada to provide in [1] a complete classification of selfinjec-
tive cellular algebras of polynomial growth, over algebraically closed fields K with
char(K) 6= 2.
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We refer also to [17] (respectively, [29]) for the representation theory and ho-
mological properties of the orbit algebras B̂/G of tilted algebras B of wild type
(respectively, quasi-tilted algebras B of wild canonical type). These algebras B are
also of global dimension 1 or 2.
In general, the following problem arises naturally.
Problem. Describe the basic, connected, selfinjective algebras over an arbitrary
field K which are socle equivalent to an orbit algebra B̂/G, where B is an algebra
of finite global dimension and G is an infinite cyclic group generated by a strictly
positive automorphism of B̂.
This seems to be a very hard problem in general. In the article, we present
recent results concerning the above problem in the following case (coming naturally
in several considerations):
• B is a tilted algebra and G is generated by ϕνB̂ for a positive automorphism
ϕ of B̂.
To illustrate the situation, let us consider the following simple example.
Example 2.6. Let Qn be the cyclic quiver
1
α1−−−→ 2
α2−−−→ · · ·
αn−1
−−−→ n
αn−−−→ 1, n > 1,
and An = KQn/N , where KQn is the path algebra and N is the ideal generated by
the compositions of all consecutive three arrows. Let A = An for simplicity. Then
A is a selfinjective Nakayama algebra with rad3(A) = 0. Take the right module
M =M1 ⊕M2 where M1 = e1A/ rad
2(e1A) and M2 = e2A/ rad e2A, and the right
annihilator I = rA(M) of M in A. Then
I = rad2(e1A)⊕ rad(e2A)⊕ e3A⊕ · · · ⊕ enA.
The factor algebra B = A/I is isomorphic to the path algebra of the quiver ∆ of
the form
1
α1−−−→ 2
of Dynkin type A2. It is easily seen that A ∼= B̂/(ϕνB̂) for a positive automor-
phism ϕ of B̂. For example, in the case n = 5, we have ϕ = σνB̂ where σ is an
automorphism satisfying σ2 = νB̂ .
Thus the selfinjective algebra An with arbitrarily n many simple modules is
always recovered from the path algebra B = K∆ and two indecomposable modules
M1, M2 lying on a slice of ΓAn .
3. Criterion theorems
We recall ring theoretical criterion theorems for a selfinjective algebra A to be
socle equivalent to an orbit algebra of tilted type. Throughout this section, A de-
notes a selfinjective algebra and {e1, . . . , er} is a set of pairwise orthogonal primitive
idempotents of A with 1A = e1 + · · ·+ er.
For an algebra Λ and a subset X of a right or left Λ-module M , by we denote
the right or left annihilator of X in Λ respectively,
rΛ(X) = {λ ∈ Λ | Xλ = 0}, lΛ(X) = {λ ∈ Λ | λX = 0}.
Let I be an ideal of A and B = A/I the factor algebra. We can take an
idempotent e of A such that e + I is the identity of B, e = e1 + · · · + en (n ≤ r)
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and {e1, . . . , en} is the set of all idempotents in {ei | 1 ≤ i ≤ r} not contained in
I. Thus e1 + I, . . . , en + I are pairwise orthogonal primitive idempotents of B and
1B = e¯1 + · · · + e¯n, where e¯i = ei + I ∈ B for i ∈ {1, . . . , n}. By Krull-Schmidt
theorem, such an idempotent e is uniquely determined up to inner automorphism
of A, and is called a residual identity of B = A/I.
By a Nakayama’s theorem [50, Theorem IV.6.10] the annihilator operations lA
and rA induce a Galois correspondence between the lattice RA of right ideals and
the lattice LA of left ideals of A: lA : RA → LA, rA : LA → RA, each of which is
the inverse to the other. An important consequence of this Galois correspondence
is the following statement on the residual identity (see [42, Proposition 2.3] and
[47, Lemma 5.1]).
Lemma 3.1. Let A be a selfinjective algebra and I an ideal of A. Then an idempo-
tent e of A is a residual identity of B = A/I if lA(I) = eI or rA(I) = Ie. Moreover,
in this case, socA ⊆ I and leAe(I) = eIe = reAe(I).
Observe that the canonical correspondence B → eAe/eIe, a+ I 7→ eae+ eIe, is
an algebra isomorphism.
In the following first criterion theorem, the implication (ii) ⇒ (i) was proved in
[44] and the converse in [47].
Theorem 3.2. For a basic, connected, selfinjective algebra A over a field K, the
following statements are equivalent:
(i) A is isomorphic to an orbit algebra B̂/(ϕνB̂) for an algebra B and a positive
automorphism ϕ of B̂.
(ii) There is an ideal of I of A and an idempotent e of A such that
(a) rA(I) = eI,
(b) The canonical algebra homomorphism
ρ : eAe→ eAe/eIe, eae 7→ eae+ eIe,
is a retraction, that is, there is an algebra homomorphism η : eAe/eIe→
eAe with ρη = ideAe/eIe.
It should be noticed that the statement (ii)(b) holds always in case K is alge-
braically closed. Under the statement (ii), B in (i) may be chosen as A/I, and the
idempotent e in (ii) is determined by I as a residual identity of A/I, see Lemma
3.1.
It was observed that in many important situations we may replace a selfinjective
algebra A by its socle deformation satysfying the statement (ii)(b). In order to
explain this we need the notion of deforming ideal from [42].
Definition 3.3. Let A be a selfinjective algebra, I an ideal of A, and e a residual
identity of A/I. Then I is said to be a deforming ideal of A if the following
conditions are satisfied:
(D1) leAe(I) = eIe = reAe(I),
(D2) the valued quiver QA/I of A/I is acyclic.
The following statement is an immediate consequence of Lemma 3.1 and Defini-
tion 3.3, and is important for further considerations.
Proposition 3.4. Let A be a selfinjective algebra, I an ideal of A and B = A/I.
Assume that
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(i) rA(I) = eI for an idempotent e of A,
(ii) the valued quiver QB of B is acyclic.
Then I is a deforming ideal of A and e is a residual identity of B.
Now assume that I is a deforming ideal of a selfinjective algebra A. Then the
canonical correspondence eAe/eIe → A/I, eae + I 7→ eae + I, is an algebra iso-
morphism, which makes I as an eAe/eIe-bimodule and allows us to define a new
algebra, denoted by A[I], as follows. Let A[I] be the direct sum of K-vector spaces
(eAe/eIe)⊕ I and define the multiplication in A[I] by the rule
(b, x) · (c, y) = (bc, by + xc+ xy)
for b, c ∈ eAe/eIe and x, y ∈ I. Then A[I] is actually a K-algebra with the
identity (e + eIe, 1A − e) and the ideal {(0, x) | x ∈ I}. By identifying x ∈ I with
(0, x) ∈ A[I], we may regard I as an ideal of A[I], so that A[I]/I denotes the factor
algebra of A[I] by I with the residual identity e = (e+eIe, 0). Thus, by identifying
e ∈ A with (e, 0) ∈ A[I], we have
A[I]/I = eAe/eIe ∼= A/I, eA[I]e = (eAe/eIe)⊕ eIe.
Moreover, the canonical algebra epimorphism eA[I]e→ eA[I]e/eIe is a retraction,
which is obvious from the definition but the main reason why the algebra A[I] has
been introduced. In fact, A[I] keeps other important properties of A as shown
in the next theorem established in [42, Theorem 4.1], [43, Theorem 3] and [48,
Lemma 3.1].
Theorem 3.5. Let A be a selfinjective algebra over a field K and I a deforming
ideal of A. Then the following statements hold.
(i) A[I] is a selfinjective algebra with the same Nakayama permutation as A and
I is a deforming ideal of A[I].
(ii) A and A[I] are socle equivalent.
(iii) A and A[I] are stably equivalent.
(iv) A[I] is a symmetric algebra if A is a symmetric algebra.
We note here that a socle equivalence does not imply a stably equivalence in gen-
eral, as pointed out by J. Rickard (see [32], [50]). Moreover, a selfinjective algebra
A with a deforming ideal I is not always isomorphic to A[I] (see [44, Example 4.2]),
but this is the case when K is an algebraically closed field ([42, Theorem 3.2]).
The following theorem proved in [44, Theorem 4.1] shows the importance of the
algebras A[I].
Theorem 3.6. Let A be a selfinjective algebra, I an ideal of A, B = A/I and e an
idempotent of A. Assume that rA(I) = eI and QB is acyclic. Then the following
statements are true:
(i) A[I] is isomorphic to an orbit algebra B̂/(ϕνB̂) for some positive automor-
phism ϕ of B̂.
(ii) A is a socle deformation of B̂/(ϕνB̂) for some positive automorphism ϕ of B̂.
Proof. First note that, by Proposition 3.4, the ideal I is a deforming ideal of A, so
A[I] is well defined.
(ii) follows from (i) and Theorem 3.5 (ii). To show (i), we apply Theorem 3.2
to A[I] and its ideal I. In fact, it is seen that rA[I](I) = eI in A[I], and the
canonical algebra homomorphism eA[I]e → eA[I]/eIe is a retraction. As a result,
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the conditions (a) and (b) in (ii) of Theorem 3.2 are satisfied, which ensures the
existence of an algebra isomorphism A[I]→ B̂/(ϕνB̂) for a positive automorphism
ϕ of B̂. 
In the theorem, the algebra A is not necessarily isomorphic to an orbit algebra
B̂/(ϕνB̂), where B is an algebra and ϕ is a positive automorphism of B̂ (see [45,
Proposition 4]).
The following result proved in [46, Proposition 3.2] describes a situation when
the algebras A and A[I] are isomorphic.
Theorem 3.7. Let A be a selfinjective algebra over a field K, having a deforming
ideal I, B = A/I, e be a residual identity of B, and ν the Nakayama permutation
of A. Assume that IeI = 0 and ei 6= eν(i), for any primitive summand ei of e.
Then the algebras A and A[I] are isomorphic. In particular, A is isomorphic to an
orbit algebra B̂/(ϕνB̂) for some positive automorphism ϕ of B̂.
4. Hereditary stable slice
In this section we explain a new characterization from [53] of the socle defor-
mations of selfinjective orbit algebras B̂/G of tilted type where G is an admissible
group generated by ϕνB̂ for a positive automorphism ϕ of B̂.
Let A be a selfinjective algebra over a field K and ΓsA the stable Auslander-
Reiten quiver of A, obtained from ΓA by removing the projective modules and the
arrows attached to them. By indP(A) we understand the family of indecomposable
projective modules in modA.
Following [51], a full valued subquiver ∆ of ΓA is said to be a stable slice if the
following conditions are satisfied:
(1) ∆ is connected, acyclic, and without projective modules.
(2) For any valued arrow V
(a,a′)
−−−→ U in ΓA with U in ∆ and V non-projective, V
belongs to ∆ or to τA∆.
(3) For any valued arrow U
(b,b′)
−−−→ V in ΓA with U in ∆ and V non-projective, V
belongs to ∆ or to τ−1A ∆.
A stable slice ∆ of ΓA is said to be right regular (respectively, left regular) if ∆
does not contain the radical radP (respectively, the socle factor P/ socP ) of any P
from indP(A). A stable slice ∆ is said to be almost right regular if for any P from
indP(A) with radP lying on ∆, radP is a sink of ∆, and almost left regular if for
any P ∈ indP(A) with P/ socP lying on ∆, P/ socP is a source of ∆. Moreover,
for a finite stable slice ∆, we denote by M(∆) the direct sum of all modules lying
on ∆ and H(∆) = EndA(M(∆)) the endomorphism algebra of M(∆). Then a
finite stable slice ∆ of ΓA is said to be hereditary if the endomorphism algebra
H(∆) = EndA(M(∆)) ofM(∆) is a hereditary algebra and its valued quiver QH(∆)
is the opposite quiver ∆op of ∆.
The following theorem is proved in [53, Theorem 1.1] and extends results estab-
lished in [44] and [51] to a general case, as explained in the next section.
Theorem 4.1. Let A be a selfinjective algebra over a field K. The following state-
ments are equivalent:
(i) ΓA admits a hereditary almost right regular stable slice.
(ii) ΓA admits a hereditary almost left regular stable slice.
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(iii) A is socle equivalent to an orbit algebra B̂/(ϕνB̂), where B is a tilted algebra
and ϕ is a positive automorphism of B̂.
It should be stressed that, if K is algebraically closed, we may replace in (iii)
“socle equivalent” by “isomorphic”, but the replacement is not possible in general.
Idea of the proof. The equivalence of (i) and (ii) is easy, because a selfinjective
algebra A satisfies (i) if and only if Aop satisfies (ii). Similarly, A satisfies (iii) if
and only if Aop satisfies (iii) in view of the canonical algebra isomorphism
(B̂/(ϕνB̂))
op ∼= B̂op/(ψνB̂op)
for a positive automorphism ψ of B̂op.
Now we explain how to define the algebra B in (iii) under the assumption (i)
and conversely how to find an almost right regular stable slice being hereditary in
(i) under the condition (iii).
Assume that a selfinjective algebra A has a hereditary and almost right regular
stable slice ∆ in the Auslander-Reiten quiver ΓA. Take the direct sum M of all
indecomposable modules in modA lying on ∆, and let I be the right annihilator
rA(M) = {a ∈ A | Ma = 0} of M , B = A/I the factor algebra of A, and
H = EndA(M). By the definition of hereditary stable slice, H is a hereditary
algebra and the valued quiver QH of H is the opposite quiver ∆
op of ∆. Then it is
shown in [53, Section 3] that B is a desired tilted algebra and I a deforming ideal
of A satisfying rA(I) = eI, so that Theorem 3.6 implies the assertion (iii).
Conversely, assume that a selfinjective algebra A satisfies the assertion (iii). We
shall show how we find a hereditary and almost right regular stable slice ∆ in ΓA.
Let A be socle equivalent to B̂/(ϕνB̂) as in (iii), and Λ = B̂/(ϕνB̂).
We observe that, if Λ has a stable slice ∆ in ΓΛ being hereditary and almost right
regular, then A has a hereditary almost right regular stable slice, which corresponds
to ∆ under the given isomorphism A/ soc(A)→ Λ/ soc(Λ), so A may be identified
with Λ, that is, A = B̂/(ϕνB̂). We consider two cases:
(1) Assume A is of infinite representation type. Since B is not of finite repre-
sentation type, by [24], [23], the tilted algebra B is not of Dynkin type. It follows
from general theory developed in [2], [17], [44] and [45] that ΓA admits an acyclic
component C containing a right stable full translation subquiver D which is closed
under successors in C and generalized standard (see below for definition). Then any
stable slice ∆ in D is a hereditary and right regular stable slice.
(2) Assume A is of finite representation type.
(a) First consider the case when A is a selfinjective Nakayama algebra. Then,
for any indecomposable projective module P , the module P/ socP is always the
radical of a projective module. For an arbitrarily chosen indecomposable projective
module P , consider the sectional path
∆ : socP = X1 → X2 → · · · → Xn−1 → Xn = radP
of canonical irreducible monomorphisms. Then ∆ is a hereditary and almost right
regular stable slice ΓA.
(b) Next assume that A is of finite representation type but not a Nakayama
algebra. Observe that then there exists an indecomposable projective module P
such that P/ socP is not the radical of a projective module, which allows us to take
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the full subquiver ∆P of ΓA whose vertices are τ
−1
A (P/ socP ) and the indecompos-
able modules X such that there is a non-trivial sectional path in ΓsA from P/ socP
to X . It is shown in [53, Proposition 4.4] that ∆ = τA(∆P ) is a hereditary and
right regular stable slice [25, Theorem 3.1]. 
We recall some definitions from [51]. Let A be a selfinjective K-algebra. A
stable slice ∆ of ΓA is said to be semi-regular if ∆ is left or right regular, and
regular if ∆ is left and right regular. Moreover, a stable slice ∆ is double τA-rigid
if HomA(X, τAY ) = 0 and HomA(τ
−1
A X,Y ) = 0 for all indecomposable modules
X and Y from ∆. Note that a double τA-rigid stable slice ∆ is finite ([40], [3,
Lemma VIII.5.3]) and a full valued subquiver of a connected component C of ΓsA
intersecting every τA-orbit in C exactly once. The following theorem proved in [51,
Theorem 1] is a special case of Theorem 4.1.
Theorem 4.2. Let A be a basic, connected, selfinjective algebra over a field K.
The following statements are equivalent:
(i) ΓA admits a semi-regular double τA-rigid stable slice.
(ii) A has one of the following forms:
(a) A ∼= B̂/(ϕνB̂) as algebras, where B = EndH(T ) for a hereditary algebra H
and a tilting module T in modH either without nonzero projective direct
summand or without nonzero injective direct summand, and ϕ is a strictly
positive automorphism of B̂.
(b) A is socle equivalent to B̂/(ϕνB̂), where B = EndH(T ) for a hereditary
algebra H and a tilting module T in modH without nonzero projective or
injective direct summands, and ϕ is a rigid automorphism of B̂.
Moreover, if K is an algebraically closed field, we may replace in (ii)(b) “socle
equivalent” by “isomorphic”.
5. Selfinjective orbit algebras of infinite representation type
The first study of the socle deformations of a selfinjective orbit algebra over
an arbitrary field K was given in [42], [44], where representation-infinite selfinjec-
tive algebras are mainly considered. In this section, we present two theorems on
representation-infinite socle deformations of a selfinjective orbit algebra of a tilted
type.
Following [39], a full translation subquiver Σ of the Auslander-Reiten quiver
ΓΛ of an algebra Λ is said to be generalized standard if
⋂
m>0 rad
m Σ = 0. The
following theorem is from [42] and [44].
Theorem 5.1. Let A be a basic, connected, selfinjective algebra over a field K.
The following statements are equivalent:
(i) ΓA admits an acyclic generalized standard right stable full translation sub-
quiver Σ which is closed under successors in ΓA.
(ii) ΓA admits an acyclic generalized standard left stable full translation subquiver
Ω which is closed under predecessors in ΓA.
(iii) A is socle equivalent to an orbit algebra B̂/(ϕνB̂), where B is a tilted algebra
not of Dynkin type and ϕ is a positive automorphism of B̂.
Moreover, if K is an algebraically closed field, we may replace in (iii) “socle equiv-
alent” by “isomorphic”.
SOCLE DEFORMATIONS OF SELFINJECTIVE ORBIT ALGEBRAS 11
In order to apply Theorem 4.1, let Σ be the generalized standard translation
subquiver given in the statement (i), and let I be the annihilator annA Σ of Σ in A
and B = A/I. Then it is shown in [42] that I is a deforming ideal of A such that
rA(I) = eI and lA(I) = Ie,
for a residual identity e of B. It should be noted that annA(Σ) is the same as the
annihilator in A of any section in Σ.
The following theorem from [51, Theorem 2] shows another characterization of
the socle deformations of a representation-infinite orbit algebra B̂/(ϕνB̂) of tilted
type, and is a consequence of Theorem 4.2.
Theorem 5.2. Let A be a basic, connected, selfinjective algebra of infinite repre-
sentation type over a field K. The following statements are equivalent:
(i) ΓA admits a regular double τA-rigid stable slice.
(ii) A is socle equivalent to an orbit algebra B̂/(ϕνB̂), where B is a tilted algebra
not of Dynkin type and ϕ is a positive automorphism of B̂.
Moreover, if K is an algebraically closed field, we may replace in (ii) “socle equiv-
alent” by “isomorphic”.
6. Selfinjective orbit algebras of finite representation type
In this section, we present recent results concerning the structure of selfinjective
algebras of finite representation type, which are socle equivalent to selfinjective
orbit algebras of tilted algebras of Dynkin type.
We first recall the following old result proved by C. Riedtmann [35] and G. Todorov
[54] describing the structure of the stable Auslander-Reiten quiver of a selfinjective
algebra of finite representation type (see [50, Theorem IV.15.6] for a proof).
Theorem 6.1. Let A be a non-simple, basic, connected, selfinjective algebra of
finite representation type over a field K. Then the stable Auslander-Reiten quiver
ΓsA of A is isomorphic to the orbit valued translation quiver Z∆/G, where ∆ is a
Dynkin quiver of type An(n ≥ 1), Bn(n ≥ 2), Cn(n ≥ 3), Dn(n ≥ 4), E6, E7, E8,
F4 and G2, and G is an admissible infinite cyclic group of automorphisms of Z∆.
We note that if A = B̂/(ϕ) is an orbit algebra with B a tilted algebra of Dynkin
type ∆ over a field K and ϕ is a strictly positive automorphism of B̂ then ΓsA
∼=
Z∆/G, where G is the infinite cyclic group of automorphisms of Z∆ induced by ϕ.
It would be interesting to know when a selfinjective algebra A′ over an arbitrary
fieldK is socle equivalent to a selfinjective orbit algebra A = B̂/(ϕ) of Dynkin type.
It follows from the classification result of C. Riedtmann, presented in Section 2, that
all representation-finite selfinjective algebras over an algebraically closed field have
this property. But for an arbitrary field K, this seems to be a hard problem.
We consider first selfinjective Nakayama algebras. A module X in a module
category modA is said to be composition free if all simple composition factors of X
occur with multiplicity one. The following result is a consequence of Theorem 4.1.
Theorem 6.2. Let A be a non-simple, basic, connected, selfinjective Nakayama
algebra over a field K. Then the following statements are equivalent:
(i) Any indecomposable projective module P in modA has composition free radical
radP .
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(ii) Any indecomposable projective module P in modA has composition free socle
factor P/ socP .
(iii) A is socle equivalent to an orbit algebra Ĥ/(ϕνĤ), where H is a hereditary
Nakayama algebra and ϕ is a positive automorphism of Ĥ.
(iv) A is socle equivalent to an orbit algebra B̂/(ϕνB̂), where B is an algebra and
ϕ is a positive automorphism of B̂.
Proof. The equivalence (i) ⇔ (ii) and the implication (iii) ⇒ (iv) are trivial.
Assume that (i) holds. Let P be an indecomposable projective module in modA.
Since A is Nakayama, we have in ΓA the sectional path
∆ : socP = X1 → X2 → · · · → Xn−1 → Xn = radP,
given by the irreducible inclusion monomorphisms, which is an almost right regular
stable slice of ΓA. Moreover, the slice ∆ is hereditary, because radP is composition
free. Therefore, applying arguments from the proof of Theorem 4.1, we conclude
that A is socle equivalent to an orbit algebra Ĥ/(ϕνĤ) for a hereditary Nakayama
algebra H with the Gabriel quiver QH = ∆ = ∆
op and a positive automorphism ϕ
of Ĥ . Hence (iii) is satisfied.
Assume that (iii) holds. Let H be a hereditary Nakayama algebra and ϕ is
a positive automorphism of Ĥ such that the orbit algebra Λ = Ĥ/(ϕνĤ) is so-
cle equivalent to A. Without loss of generality, we may assume that the quo-
tient algebras Λ/ soc(Λ) and A/ soc(A) are equal. Let 1H = e1 + · · · + en be a
decomposition of the identity of H into a sum of pairwise orthogonal primitive
idempotents. Then it follows from the definition of Ĥ that every indecomposable
projective Ĥ-module em,iĤ , (m, i) ∈ Z×{1, . . . , n}, is uniserial. Moreover, for any
(m, i) and (r, j) in Z× {1, . . . , n} with m 6= r, the socle factors em,iĤ/ soc(em,iĤ)
and er,jĤ/ soc(er,jĤ) have disjoint simple composition factors. Then it follows
that any indecomposable projective module P in modΛ has composition free so-
cle factor P/ socP . Since the socle factors of indecomposable projective mod-
ules in modΛ and modA are exactly the indecomposable projective modules in
modΛ/ soc(Λ) = modA/ soc(A), we conclude that A satisfies (ii).
Assume now that (iv) holds, that is, A is socle equivalent to an orbit algebra
Λ = B̂/(ϕνB̂), where B is an algebra and ϕ is a positive automorphism of B̂.
Clearly, such an algebra B is basic and connected. We claim that B is a hereditary
Nakayama algebra, and hence A satisfies (iii). Since A is a Nakayama algebra and
A/ soc(A) ∼= Λ/ soc(Λ), we conclude that Λ is a non-simple selfinjective Nakayama
algebra. We also note that B is a quotient algebra of Λ, because Λ is an orbit
algebra of B̂ with respect to (ϕνB̂) with ϕ positive. Therefore, we obtain that B is
a Nakayama algebra. Hence, we have only to show that any non-simple projective
module in modB has projective socle. Let 1B = e1 + · · · + en be a decomposi-
tion of the identity of B into a sum of pairwise orthogonal primitive idempotents.
Remember that em,i, (m, i) ∈ Z × {1, . . . , n}, are pairwise orthogonal primitive
idempotents of B̂ and em,iB̂ = eiB ⊕ D(Bei). For convenience, we write Bm for
1mB̂1m where 1m = em,1 + · · ·+ em,n, and D(B̂) =
⊕
m∈ZD(Bm). Note that Bm
is a copy of B, and observe that
rad B̂ =
(⊕
m∈Z
radBm
)
⊕ D(B̂).
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Since Λ = B̂/(ϕνB̂) is a Nakayama algebra, each em,iB̂ and so eiB is uniserial for
all m ∈ Z, i ∈ {1, . . . , n}. Now let P be a non-simple indecomposable projective
module in modB, and assume P = e1B, without loss of generality. Let
socP ∼= top(etB)
for some t ∈ {1, . . . , n}. Take the B̂-submoduleM = soc(e1B)⊕D(Be1) of e0,1B̂ =
e1B ⊕ D(Be1). Then M(rad B̂) = D(Be1), because M/D(Be1) is a simple B̂-
module and M is uniserial. Let f : e0,tB̂ → e0,1B̂ be a B̂-homomorphism with
f(e0,tB̂) =M . It is shown that
M · D(B̂) = D(Be1)
taking into account the uniseriality of e0,tB̂. On the other hand, f(e0,tB̂ · rad B̂) =
M(rad B̂) and f(e0,tB̂ ·D(B̂)) =M ·D(B̂). Consequently, we have f(e0,tB̂ ·rad B̂) =
f(e0,tB̂ · D(B̂)), which implies
e0,tB̂ · rad B̂ = e0,tB̂ · D(B̂) + Ker f = e0,tB̂ · D(B̂).
Indeed, since f(e0,tB̂·D(B̂)) = D(Be1) 6= 0 and e0,tB̂ is uniserial, Ker f is contained
in e0,tB̂ · D(B̂). As a result, we conclude that
top(etB) = e0,tB̂/(e0,tB̂ · rad B̂) = e0,tB̂/(e0,tB̂ · D(B̂)) = etB,
and hence socP is projective in modB, as desired. 
We obtain also the following consequence of Theorems 3.7 and 6.2.
Corollary 6.3. Let A be a non-simple, basic, connected, selfinjective Nakayama
algebra over a field K. Then the following statements are equivalent:
(i) Any indecomposable projective module P in modA is composition free.
(ii) A is isomorphic to an orbit algebra Ĥ/(ϕνĤ), where H is a hereditary Nakayama
algebra and ϕ is a strictly positive automorphism of Ĥ.
(iii) A is isomorphic to an orbit algebra B̂/(ϕνB̂), where B is an algebra and ϕ is
a strictly positive automorphism of B̂.
Following [34] a short cycle in a module category modA is a sequence X → Y →
X of non-isomorphisms between two indecomposable modules X and Y in modA.
It was shown in [34, Corollary 2.2] that if an indecomposable module M does not
lie on a short cycle in modA then M is uniquely determined (up to isomorphism)
by its composition factors, that is, by its image [M ] in the Grothendieck group
K0(A). Moreover, it is known that if modA has no short cycles, then A is of finite
representation type [22]. We have also the following fact proved in [25, Lemma 3.2].
Lemma 6.4. Let A be a selfinjective algebra which does not admit a short cycle in
modA. Then all stable slices in ΓA are double τA-rigid.
We also recall the following fact proved in [25, Theorem 3.1].
Theorem 6.5. Let A be a non-simple, connected, selfinjective algebra of finite
representation type over a field K. The following statements are equivalent:
(i) ΓA admits a semi-regular stable slice.
(ii) A is not a Nakayama algebra.
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The following theorem was proved by A. Jaworska-Pastuszak and A. Skowron´ski
in [25].
Theorem 6.6. Let A be a non-simple, basic, connected, selfinjective algebra over
a field K. The following statements are equivalent:
(i) modA has no short cycles.
(ii) A is isomorphic to an orbit algebra B̂/(ψν2
B̂
), where B is a tilted algebra of
Dynkin type and ψ is a strictly positive automorphism of B̂.
It was shown in [25, Theorem 3.7] that the equivalence of (i) and (ii) holds if
A = B̂/G for a tilted algebra B of Dynkin type and an admissible group G of
automorphisms of B̂, applying the fact that the push-down functor Fλ : mod B̂ →
modA, induced by the canonical Galois covering functor F : B̂ → B̂/G = A,
is a Galois covering of module categories. We explain now why (i) implies (ii).
Therefore, assume that modA has no short cycles. By the above comments, it
is enough to show that A is isomorphic to an orbit algebra B̂/(ϕνB̂) for a tilted
algebra B of Dynkin type and a strictly positive automorphism ϕ of B̂. If A is
not a Nakayama algebra, this follows from Theorems 4.2 and 6.5, and Lemma 6.4.
Assume A is a Nakayama algebra. Since every indecomposable projective module
P in modA does not lie on a short cycle, we easily conclude that P is composition
free, and then A has a required form B̂/(ϕνB̂) by Theorem 6.2.
In [9] M. B laszkiewicz and A. Skowron´ski investigated the structure of selfinjec-
tive algebras of finite representation type whose module category admits maximal
almost split sequences. For an algebra A and an almost split sequence
0 −→ τAX −→ Y −→ X −→ 0
in modA, we may consider the numerical invariant α(X) of X being the number
of summands in a decomposition Y = Y1 ⊕ · · · ⊕ Yr of Y into a direct sum of inde-
composable modules. Then α(X) measures the complexity of homomorphisms in
modA with domain τAX and codomain X . It has been proved by R. Bautista and
S. Brenner in [4] (see also [30] for an alternative proof) that if A is of finite repre-
sentation type and X is an indecomposable nonprojective module in modA, then
α(X) ≤ 4, and if α(X) = 4, then the middle term Y of an almost split sequence in
modA with the right term X admits an indecomposable projective-injective direct
summand. Recall that (by general theory) if P is an indecomposable projective-
injective module in modA, then there is in modA an almost split sequence of the
form
0 −→ radP −→ (radP/ socP )⊕ P −→ P/ socP −→ 0.
If A is of finite representation type, then such an almost split sequence with
α(P/ socP ) = 4 is called a maximal almost split sequence in modA.
Let A be a selfinjective algebra of finite representation type, and assume that
modA admits an indecomposable projective-injective module P with α(P/ socP ) =
4. We denote by ∆P the full valued subquiver of ΓA given by the module τ
−1
A (P/ socP )
and all indecomposable modules in modA such that there is a non-trivial sectional
path in ΓA from P/ socP to X . It was shown in [9, Theorem 5.2] that ∆P is a
Dynkin quiver such that ΓsA = Z∆P /G for an admissible automorphism group G
of the translation quiver Z∆P . We denote by MP the direct sum of all modules
lying on ∆P . Then the main theorem in [9, Theorems 1 and 2] can be formulated
as follows.
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Theorem 6.7. Let A be a basic, connected, selfinjective algebra over a field K.
Then the following statements are equivalent:
(i) A is of finite representation type and admits an indecomposable projective
module P with α(P/ socP ) = 4 and HomA(MP , τAMP ) = 0.
(ii) A is socle equivalent to an orbit algebra B̂/(ϕνm
B̂
) for some positive integer m,
a rigid automorphism ϕ of B̂, and a tilted algebra B of Dynkin type having
an indecomposable projective module Q whose top is injective and the radical
is a direct sum of three indecomposable projective modules.
We note that, ifK is algebraically closed, then the condition HomA(MP , τAMP ) =
0 in (i) is superfluous, and we may replace in (ii) “socle equivalent” by “isomor-
phic”. We refer to [9, Section 3] for a complete description of the tilted algebras B
of Dynkin type occurring in (ii).
7. Stable equivalences of selfinjective orbit algebras
We end this article with the following combination of [43, Theorem 1] and [48,
Theorem 1], and its consequence.
Theorem 7.1. Let A be a non-simple, basic, connected, selfinjective algebra over
a field K. Then the following statements are equivalent:
(i) A is stably equivalent to an orbit algebra B̂/(ϕνB̂), where B is a tilted algebra
and ϕ is a positive automorphism of B̂.
(ii) A is socle equivalent to an orbit algebra B̂/(ϕνB̂), where B is a tilted algebra
and ϕ is a positive automorphism of B̂.
Moreover, if K is an algebraically closed field, we may replace in (ii) “socle equiv-
alent” by “isomorphic”.
Corollary 7.2. Let K be an algebraically closed field. Then the class of orbit alge-
bras B̂/(ϕνB̂), where B is a tilted algebra over K and ϕ is a positive automorphism
of B̂, is closed under stable equivalences.
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